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[1] Dynamic and thermodynamic regimes of ice shelves experiencing weak (≲1 m year1)
to strong (~10myear1) basal melting in cold (bottom temperature close to the in situ
freezing point) and warm oceans (bottom temperature more than half of a degree warmer
than the in situ freezing point) are investigated using a 1-D coupled ice/ocean model
complemented with a newly derived analytic expression for the steady state temperature
distribution in ice shelves. This expression suggests the existence of a basal thermal
boundary layer with thickness inversely proportional to the basal melt rate. Model
simulations show that ice shelves aﬂoat in warm ocean waters have signiﬁcantly colder
internal ice temperatures than those that ﬂoat in cold waters. Our results indicate that in
steady states, the mass balance of ice shelves experiencing strong and weak melting is
controlled by different processes: in ice shelves with strong melting, it is a balance between
ice advection and basal melting, and in ice shelves with weak melting, it is a balance
between ice advection and deformation. Sensitivity simulations show that ice shelves in
cold and warm oceans respond differently to increase of the ocean heat content. Ice shelves
in cold waters are more sensitive to warming of the ocean bottom waters, while ice shelves
in warm waters are more sensitive to shallowing of the depth of the thermocline.
Citation: Sergienko, O. V., D. N. Goldberg, and C. M. Little (2013), Alternative ice shelf equilibria determined by ocean
environment, J. Geophys. Res. Earth Surf., 118, 970–981, doi:10.1002/jgrf.20054.
1. Introduction
[2] Antarctic ice shelves exist in a variety of oceanographic
thermal regimes: from “cold” regime exempliﬁed by the
Filchner-Ronne and Ross ice shelves, where the sub–ice shelf
water is dominated by high-salinity shelf water (HSSW) at
~1.8C [e.g., Jacobs et al., 1979; Nicholls et al., 2001], to
“warm” regime exempliﬁed by the Pine Island Glacier (PIG)
or George VI ice shelves, where the sub–ice shelf water
is dominated by circumpolar deep water (CDW) (~1.2C)
[e.g., Jacobs et al., 2011; Jenkins and Jacobs, 2008]. Ice
shelves in “cold” oceans generally experience a range of basal
conditions, from freezing to weak melting (≲1 m year1), and
typically melt near the grounding line [e.g., Engelhardt and
Determann, 1987; Jenkins and Doake, 1991; Nicholls et al.,
2001; Joughin and Padman, 2003; Jenkins et al., 2006]. In con-
trast, observations of ice shelves in “warm” ocean environments
suggest widespread basal melting with average melt rates up to
tens of meters per year [e.g., Jenkins and Jacobs, 2008; Jacobs
et al., 2011]. Given that ice shelves in both types of oceanic
environment are fed by ice streams with similar thermodynam-
ics and dynamics, one is led to the question of to what extent is
the state (geometric, dynamic, and thermodynamic) of an
ice shelf determined by the oceanic environment in which
it ﬂoats.
[3] Knowledge of the thermal state of today’s ice shelves
is primarily restricted to those in “cold” ocean conditions,
where in situ borehole temperature measurements have been
taken [Zotikov et al., 1980; Orheim et al., 1990]. This
thermal state also has impact on ice shelf melting and ﬂow,
with ﬂow being dependent on ice temperature through ice
viscosity [e.g., MacAyeal and Thomas, 1986; Humbert
et al., 2005]. However, it remains unclear what thermal
regimes ice shelves should have in different ocean environ-
ments, and to what degree differences in basal melting rates
can be attributed to differences in ocean environment or to
differences in ice shelf thermal state.
[4] Basal mass balance remains one of the most difﬁcult to
determine unknowns in overall shelf mass balance. Its direct
observation is technically and logistically challenging
[Jenkins et al., 2006]. The majority of basal mass balance
estimates come from either oceanographic measurements
[e.g., Jacobs et al., 1979, 2011] or remote-sensing observations
[e.g., Joughin and Padman, 2003; Shepherd et al., 2003,
2004]. The former provide bulk values (i.e., area averaged),
and the latter rely on a set of assumptions (e.g., steady state)
and other measurements (e.g., ice thickness and surface
accumulation rates) that might have insufﬁcient resolution
and are often taken during different time periods. These indi-
rect estimates lack details necessary to establish the effect of
surrounding oceans on ice shelves, to attribute causes of
observed ice shelf changes, and to make projections of the
possible ice shelf changes under different climate conditions.
Additional supporting information may be found in the online version of
this article.
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[5] This study aims to establish fundamental aspects of the
ice shelf/sub–ice shelf cavity systems that are determined by
differences in the ambient oceanographic conditions.We inves-
tigate the coupled geometric, dynamic, and thermodynamic
behavior of ice shelves in the two “classical” oceanographic
environments: one dominated by “cold” high-salinity shelf
water (1.8C) and the other dominated by “warm” circum-
polar deep water (1.2C). The main question considered in this
study is the following: if two identical ice streams ﬂow into
“cold” and “warm” oceans, how different are the ice shelves
that they produce? We use a 1-D coupled ice shelf/ocean
model and a newly derived analytic expression for the steady
state temperature distribution in ice shelves experiencing basal
melting to conduct our investigations. The coupled model
includes an ice ﬂow model and a plume ocean model. We
investigate the following aspects of the ice shelf/sub–ice shelf
cavity system: ice shelf morphology, melt rate distribution, ice
shelf dynamic and thermodynamic states, and their mutual
effects. Also, we consider the implications of this coupled
interaction on modeling approaches. Finally, we explore
sensitivities of this system to oceanic and grounded ice condi-
tions. We investigate the effects of increase in the ocean heat
content in two ways: through warming the bottom ocean water
and through shallowing the depth of the thermocline.
2. Advection-Dominated Ice Shelf Temperature
[6] Ice shelves are the fast-ﬂowing components of ice sheets,
moving at hundreds to thousands of meters per year. Conse-
quently, their thermal state is dominated by heat advection
rather than diffusion. We show this below by comparing char-
acteristic scales of different terms in the advection-diffusion
equation governing ice shelf temperature. We restrict our anal-
ysis to ice shelves in steady state, with ﬁxed, time-independent
geometry. Ablation/accumulation at the top surface, as well as
variations in the surface temperature are disregarded to simplify
the analysis and restrict it to basal melting; however, the
analysis can easily be extended to account for these factors.
A justiﬁcation for these simpliﬁcations in the present study will
be provided in section 4.
[7] For ice shelves that ﬂow in one horizontal direction
only, the steady state heat equation is as follows:
uTx þ wTz ¼ kiTzz (1)
where x and z are the horizontal and vertical coordinates, T
(x,z) is ice temperature, u and w are ice horizontal and
vertical velocity components, ki is the thermal diffusivity of
ice (assumed to be independent of density and temperature),
and subscripts x and z denote the partial derivatives with
respect to x and z, respectively. Viscous heating and horizontal
diffusion are disregarded due to their negligible effects
[e.g., MacAyeal and Thomas, 1986]. Boundary conditions
are as follows:
T x; sð Þ ¼ Ts (2a)
T x; bð Þ ¼ T xð Þ (2b)
T 0; zð Þ ¼ Tg zð Þ (2c)
where s and b are the elevations of the top and bottom
surfaces of the ice shelf, Ts is temperature at the ice shelf
top surface (assumed to be uniform), Tg(z) is the ice shelf
temperature proﬁle at the grounding line, x= 0, and T*(x)
is the seawater freezing temperature that depends on in situ
seawater salinity S and pressure p
T S; pð Þ ¼ c1S xð Þ þ c2 þ c3p xð Þ; (3)
where c1, c2, and c3 are empirical constants.
[8] Other than within a few ice thicknesses of the grounding
line and ice front, the horizontal ice shelf velocity components
do not depend on the vertical coordinate z [MacAyeal, 1989];
therefore, the vertical ice shelf velocity component varies
linearly with z as a result of ice incompressibility (ﬁrn
densiﬁcation is disregarded for simplicity). These facts, and
the use of a stretched vertical coordinate
z ¼ z b
H
; (4)
where H= s b is ice thickness, allow equation (1) to be
written in the following form [e.g., MacAyeal and Thomas,
1986; Hindmarsh, 1999; MacAyeal, 1997, p. 270–273]:
uTx  TzH z _aþ 1 zð Þ
_b
  ¼ ki
H2
Tzz (5)
where _a is the surface accumulation rate (indicating negative
for ablation) and _b is the basal melt rate (positive for melting).
We assume that the surface ablation rate _a is negligible
compared to basal melt rate _b; therefore, the ﬁrst term in the
square brackets on the left-hand side is set to zero.
[9] Characteristic values for u, H, _b, and L are 300myear1,
1000m, 1myear1, and 300 km, respectively. With the ice
thermal diffusivity ki=36 m
2 year1, the right-hand side of
equation (5) that represents heat diffusion is at least 2 orders
of magnitude smaller than both terms in the left-hand side,
and can therefore be neglected. The Peclet number, Pe ¼ H2uLki ,
for ice shelves with basal melting is much greater than 1,
indicating that heat advection is the dominant process. The
ice shelf temperature solution under these circumstances is
as follows:
T x; zð Þ ¼ Tg x x; zð Þ½  þ T xð Þ  Tg x x; 0ð Þ½ 
 
e
 _bHki z: (6)
where Tg[z] Tg(z), T*(x) is determined by equation (3),
x x; zð Þ ¼ 1 1 z
qg
q xð Þ; (7a)
q xð Þ ¼ u xð ÞH xð Þ; (7b)
and where q(x) and qg are the ice ﬂuxes at a point x and at the
grounding line, respectively. A derivation of this solution is
presented in Appendix A. The characteristic thickness of the
thermal boundary layer, represented by the exponential term
on the right-hand side of equation (6), is ki_b, which is on the
order of a few meters for basal melt rates on the order of a
few meters per year (10m for a 3.6m year1 melt rate),
and less than a meter when basal melting is strong
(~0.5m for a 70m year1 melt rate).
[10] The mass and energy balance at the ice shelf bottom
surface (the Stefan condition) that determines the melt rate
is as follows [Holland and Jenkins, 1999]:
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rwgS So xð Þ  Sð Þ ¼ _bS (8a)
kiTz z¼b  gTrwcw T z¼b  Toj Þ ¼ Lir _b
 (8b)
where ki is heat conductivity of ice, gS,T are the salt and heat
transfer coefﬁcient at the ice-ocean interface (deﬁned below),
rw is seawater density, cw is the speciﬁc heat capacity of
seawater, So(x) and To(x) are the ocean mixed layer salinity
and temperature, respectively, and Li is the ice latent heat of
fusion. The ﬁrst term of equation (8b) is the heat ﬂux into
ice above the bottom, and the second term is the heat ﬂux from
the ocean mixed layer. The expression for temperature in the
ice shelf represented by equation (6) allows computation of
the heat ﬂux into ice. Substituting the heat ﬂux expression into
equation (8b) and rearranging terms, we arrive at the
following expression:
fgTrwcw To xð Þ  T½  ¼ r _b ci T  Tg x x; 0ð Þ½ 
 þ Li 
 ki
H
q xð Þ
qg
Tgz x x; 0ð Þ½ 
(9)
where ci is the speciﬁc heat capacity of ice. This expression
has a simple heat balance interpretation. Heat stored in the
ocean mixed layer (the left-hand side) is available to do three
things: (1) warm the ice shelf thermal boundary layer to the
in situ melting point, T*; (2) melt that ice that has reached
the in situ melting point (terms in the ﬁrst curly brackets
on the right-hand side of equation (9)); and (3) conduct into
the colder ice above (the last term on the right-hand side of
equation (9)).
3. Model Formulation and Experiments
[11] We consider an ice shelf ﬂowing in one horizontal
dimension ﬂoating on its cavity where the ocean circulation
can be simulated as a two-layer system: an immobile, deep
ambient layer with horizontally uniform stratiﬁcation lies be-
neath a buoyancy-driven plume layer (Figure 1). To investigate
steady state conﬁgurations of this idealized ice shelf in different
oceanographic environments, we couple a 1-D, vertically
integrated, and width-averaged ice ﬂow model [e.g., Dupont
and Alley, 2005] to a 1-D plume model [Jenkins, 1991].
3.1. Ice Flow Model
[12] The vertically integrated and horizontally averaged
ice shelf momentum balance is as follows:
4nHuxð Þx ¼ rgH 1
r
rw
	 

Hx 
H
W
ts confined shelf
0 unconfined shelf
8<:
(10)
where n is ice viscosity,W is the half width, and ts is the side
drag to be applied if the ice shelf is conﬁned. Ice viscosity, n,
is strain rate dependent according to Glen’s ﬂow law,
n ¼
B Tð Þ
2 uxj j1
1
n
(11)
where n = 3 is the ﬂow law exponent, B Tð Þ is the vertically
averaged ice stiffness parameter,
B Tð Þ ¼ 1
H
Z s
b
dzB T zð Þ½ ; (12)
and where B Tð Þ  A Tð Þ½ 1n obeys an Arrhenius-type
temperature relationship (A(T) is the Arrhenius parameter)
[e.g., Hooke, 1981]. We use a linear friction law to describe
side drag ts=bu, where b= 8 108 Pa s m1.
[13] The momentum-balance boundary conditions are
the kinematic condition at the grounding line, x= 0, and
the dynamic condition at the ice front, x= L,
u x¼0 ¼ u0j (13a)
4nHuxjx¼L ¼
1
2
rgH2 1 r
rw
	 

: (13b)
[14] The steady state ice shelf mass balance equation is a
ﬁrst-order differential equation
qx  uxH þ uHx ¼  _b (14)
with a boundary condition at the grounding line
qjx¼0 ¼ qg ¼ u0H0 (15)
where we use u0 = 700m year
1 and H0 = 1400m.
[15] We set the ice shelf length L= 200 km and specify
that the ice shelf thickness at the ice front cannot be less than
50m. If this thickness is achieved at distance xIF less than
200 km, the ice front is relocated x = xIF. In this way, we
incorporate a simple calving law that is dependent on ice
thickness.
3.2. Plume Model
[16] The plume model, adapted from Jenkins [1991],
represents the ocean as a two-layer system with an immobile,
deep ambient layer with horizontally uniform stratiﬁcation,
and a buoyancy-driven plume boundary layer which evolves
according to the mass, momentum, energy, and salt balance
equations. These equations are as follows:
UDð Þx ¼ _eþ _b (16a)
U2D
 
x ¼ DdrwgHx  KU2 (16b)
ToUDð Þx ¼ Ta _eþ T _bþ gT T  Toð Þ (16c)
SoUDð Þx ¼ Sa _eþ S _bþ gS S  Soð Þ (16d)
ice shelf
plume
deep ocean
0 x
grounding line
ice front
Figure 1. Model geometry.
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where U, D, To, and So are velocity, depth, temperature, and
salinity of the plume, respectively; _e is the entrainment rate;
drw is the density contrast between the plume and the
underlying ambient layer (assumed to be a linear function
of temperature and salinity, as in Jenkins [1991]); K is the
drag coefﬁcient; Ta and Sa are temperature and salinity of
the deep ambient layer; and gT and gS are heat and salt
transfer coefﬁcients
gt ¼
U
2:12log UD=nð Þ þ 12:5Pr2=3  8:68 (17a)
gs ¼
U
2:12log UD=nð Þ þ 12:5Sc2=3  8:68 (17b)
where U* =K
1/2U is the friction velocity, and Pr and Sc are
Prandtl and Schmidt numbers of seawater, respectively. It
should be pointed out that there are two typos in equations
(3) and (4) in Jenkins [1991]. The second terms on the right-
hand side of these equations should be seawater freezing
temperature, T*, and in situ salinity, S*, respectively, and not
plume temperature and salinity, To and So. Expressions
for all other parameters, as well as values of physical
constants used in the plume model, are identical to those
described by Jenkins [1991]. The ocean stratiﬁcation
and ice shelf temperature proﬁles are described in
Appendix B. We limit our study to ice shelves experiencing
melting only in order to avoid complications associated
with the plume detachment from ice shelves experiencing
refreezing.
[17] Novel features in our coupled model are the following:
the ability of the ice ﬂow model to explicitly account for
ice temperature feedback effects on ice ﬂow through the
depth-averaged ice stiffness coefﬁcient B in Glen’s ﬂow law
(equation (12)), and a modiﬁed formulation of the Stefan
condition in the three-equation formulation of heat and mass
conservation at the ice shelf base [Holland and Jenkins, 1999].
The ice ﬂow and plume model are coupled geometrically,
dynamically, and thermodynamically. Equations (10)–(16),
with corresponding boundary conditions, are solved itera-
tively with the maximum relative tolerance 104. All steady
states are independent of the initial conﬁgurations and are
unique. This was veriﬁed by running the model with a suite
of initial conﬁgurations. The obtained steady states were
identical within the chosen tolerance.
3.3. Numerical Experiments
[18] We consider two oceanographic environments with a
salinity-dependent stratiﬁcation and bottom water tempera-
tures that represent end members of the thermal regimes
typical of Antarctic continental shelves HSSW, in Figure 2a,
and CDW, in Figure 3a. The only difference between the
HSSW and CDW cases is the temperature of the water at
the bottom of the sub–ice shelf cavity, i.e., in the lower
ambient layer. The CDW case resembles observations from
the front of the PIG [Jacobs et al., 2011, Figure 2]. In both
cases, we explore the effects of unconﬁned and conﬁned ice
shelf conﬁgurations. As equation (10) shows, wide conﬁned
ice shelves with walls far from their centerlines (W!1)
can be treated as unconﬁned.
4. Results and Discussion
4.1. Ice Shelf Thermal Structure
[19] The conﬁgurations of unconﬁned ice shelves and
their temperature proﬁles are shown in Figures 2b and 3b,
and the bottom surfaces of the conﬁned and unconﬁned
shelves (solid lines) with corresponding melt rates (dashed
lines) are shown in Figures 2c and 3c. The magnitudes of
melt rates are signiﬁcantly larger in the CDW case than the
observed accumulation rates on Antarctic ice shelves that
are typically 10–20 cm year1. In the HSSW case, melt rates
closer to the ice front are of comparable magnitudes or
smaller. In order to conﬁrm that our assumption of the zero
net surface mass balance does not signiﬁcantly affect our
results, additional simulations for the HSSW case have
been performed using a uniform accumulation rate of
30 cm year1. Figure S1 of the auxiliary material shows
that the differences in ice thickness and melt rates are within
6% for the most part of the ice shelf. Thus, our simpliﬁcation
of neglecting surface ablation/accumulation is justiﬁed for
this study.
[20] In the CDW case, the ice shelf base is steeper than in
the HSSW case, and ice thickness at the ice front is less than
half the thickness in the HSSW case. The mean ice tempera-
ture in the HSSW case is signiﬁcantly warmer (by more than
3.5K) than in the CDW case, with a vertical proﬁle close to
linear, showing gradual warming from the cold shelf top to
the warm base. The thermal boundary layer in the HSSW case
is almost an order of magnitude larger than in the CDW case,
where most of the ice shelf interior is cold apart from about
10–20m near the ice shelf bottom where it is warm.
[21] The difference in the behavior of the ice shelves is
counterintuitive: the ice shelf ﬂoating in warmer CDW is
actually colder than ﬂoating in the colder HSSW ocean. This
counterintuitive result can be understood from the following
considerations. Warm ice characteristic of the base of the
grounded ice sheet upstream of the grounding line is eroded
by strong basal melting concentrated near the grounding
line, and colder ice originating from shallower parts of the
grounded ice sheet is advected farther downstream, ﬁlling
the majority of the ice shelf. To demonstrate that removal
of the bottom, warm portion of the ice shelf by basal melting
has a stronger effect than the heat diffusion from the ocean,
we consider a column of ice originated at the grounding line,
i.e., we adopt a Lagrangian point of view similar to
MacAyeal and Thomas [1986] and MacAyeal and Barcilon
[1988], and follow this ice column as it travels through the
ice shelf to the ice front. This column reaches a location x
at a time t xð Þ ¼ R x0 dx0u x0ð Þ since crossing the grounding line,
and the column transit or residence time in the shelf is
t Lð Þ ¼ R L0 dx0u x0ð Þ . During this residence time, the maximum
thickness of the column that can be affected by thermal
diffusion is Hth xð Þ 	 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kit xð Þ
p
. This thickness of the ice
column can be compared with the amount of ice removed
from the column by melting, Mtot xð Þ ¼
R x
0dx
0 _b x0ð Þ
u x0ð Þ . As
Figures 2d and 3d show, the thermal diffusion layer, Hth, is
less (in the CDW case most signiﬁcantly) than the thickness
of the ice column removed by melting, Mtot. Only for
unconﬁned ice shelves in the HSSW case, we ﬁnd that the
thickness of the thermal diffusion layer and amount of ice
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melted from the ice column are comparable and this equality is
only applicable to the last 50 km near the ice front. The fact
that the thermal diffusion layer is thinner than the amount of
ice removed by melting indicates that the internal thermal
structure of the ice shelf outside the thermal boundary layer
is unaffected by thermal diffusion. In other words, ice shelves
with bottom melting can be thought of as fast-moving
conveyor belts from which the bottom portion is removed by
melting, but where the thermal state of the rest of the ice shelf
is unchanged from what it was when the ice was upstream of
the grounding line (assuming zero surface accumulation and
spatially uniform surface temperature).
4.2. The Direct and Indirect Thermal Effects
[22] The thermal state and temperature distribution of ice
shelves have both direct and indirect effects on the ice shelf
states. The direct effect is through melt rates, and the indirect
effect is through the temperature dependence of ice viscosity.
The magnitude of the direct effect on melt rates can be
estimated by examining terms of the energy balance at the
ice shelf bottom surface (equation (9)). The two terms in curly
brackets on the right-hand side of this expression are the amount
of heat required to warm the ice shelf thermal boundary layer
from its temperature, Tg[x(x,0)], to the in situ melting point,
T*, and then required to supply the ice latent heat of fusion,
Li. The speciﬁc heat capacity of ice, ci, is 2.009 kJ kg
1K1,
which value is more than 2 orders of magnitude less than the
ice latent heat of fusion, Li=334 kJ kg
1. The maximum
possible temperature difference in the ice shelf is between its
top and bottom surfaces, which rarely exceeds 20K. Hence,
the maximum possible error that can be caused by using an
incorrect ice shelf temperature value in the ﬁrst term on the
right-hand side of equation (9) is under 10%.
[23] The second term on the right-hand side of equation
(9) represents the heat conducted into the ice from the ocean.
Inspection of this term shows that q xð Þqg is always less than 1
due to the fact that, in steady state ice shelves experiencing
melting, the highest ice ﬂux is at the grounding line
(equation (14)). The strongest temperature gradients observed
on ice streams are close to the bottom of the ice column and
are ~5 102Km1 [Engelhardt, 2004]. The ﬁrst and second
terms on the right-hand side of equation (9) are comparable if
melt rates are on the order of centimeters per year. For the
ice shelves experiencing stronger melting, the ﬁrst term
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Figure 2. HSSW case. (a) Sea water temperature and salinity. Dashed lined Dtc denotes the thermocline
depth. (b) Temperature (C) in the ice shelf. (c) Ice shelf cavity shape (solid lines, left vertical axis) and
melt rates (dashed lines, right vertical axis). (d) Ratio of amount of ice melted from an ice column
originating at the grounding line, Mtot, to thickness of the thermal diffusive layer, Hth; the horizontal ice
velocity u (km year1). Lines with no labels are for unconﬁned shelves, with diamonds for conﬁned
shelves. Notice logarithmic scales for melt rates on Figure 2c.
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dominates, indicating that heat ﬂux into ice can be neglected.
These considerations show that the direct effects of the ice
shelf temperature distribution do not play a signiﬁcant role
in ice shelves with strong and mild (~0.5–1myear1) melting.
[24] The indirect thermal effect on the ice shelf state,
through the temperature dependence of ice viscosity, is esti-
mated by comparing the results shown in Figures 2c and 3c
with simulations using a spatially uniform ice stiffness
parameter B equal to a spatially averaged value of B obtained
in the original simulations (Figures 2c and 3c). Figure 4
shows the relative deviations of the ice stiffness parameter
B (solid lines, left axis) and relative changes in melt rates
(dashed lines, right axis) caused by the indirect thermal
effects. The effect of the temperature dependence of ice
viscosity is much stronger (~20%) in the CDW case than
in the HSSW case, because in the CDW case the ice shelf
becomes progressively colder. In addition, B experiences
larger spatial variations (~15% in the conﬁned ice shelf
and ~10% in the unconﬁned ice shelf) in contrast to the HSSW
case, where B is more spatially uniform. In the CDW case,
simulations with constant B yield length-averaged basal melt
rates that are overestimated by 18% and 10% in the conﬁned
and unconﬁned conﬁgurations, respectively. In the HSSW
case, the effects of spatial variations of B are signiﬁcantly
smaller: about 3–5% for both the conﬁned and unconﬁned
conﬁgurations.
[25] Colder ice is less deformable and more susceptible to
fracturing due to the fact that fractures in cold ice are less
likely to be arrested than in warm ice [e.g., Liu and Miller,
1979]. Hence, ice shelves with strong basal melting that
result in a thin boundary layer and a colder ice shelf interior
closer to its base might be more susceptible than ice shelves
with weak melting to formation and development of basal
crevasses. Therefore, it is possible that these ice shelves
could be structurally preconditioned to disintegration.
4.3. The Effects of Melting on Ice Shelf Mass Balance
and Buttressing
[26] In order to establish the effect of different processes
on ice shelf mass balance, we compute two terms on the
left-hand side of equation (14) that represent ice deformation
(uxH) and advection (uHx), respectively. Figures 5a and 5b
show the absolute values of these two terms. In the CDW
case, the effect of ice deformation rapidly reduces with the
distance from the grounding line, and the leading order
balance is
uHx 	  _b: (18)
[27] In the HSSW case, both ice deformation and advection
terms are of the same order and are signiﬁcantly larger
than melt rates. Hence, the difference between conﬁned and
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unconﬁned ice shelf conﬁgurations is more pronounced. The
leading order balance for this case is as follows:
uHx 	 uxH (19)
[28] These results indicate the presence of two different
mass balance regimes: one is dominated by ice shelf dynamic
processes, which is characteristic to ice shelves ﬂowing in
cold, HSSW oceanic environments, and the other one is
dominated by the ocean circulation processes, which is char-
acteristic to ice shelves in warm, CDW oceanic environments.
It should be pointed out that these balances do not hold at or
near the grounding line, whose dynamics is not resolved in
this study.
[29] Analysis of the conﬁned and unconﬁned ice shelf
conﬁgurations in different ocean environments shows that,
in the HSSW case (Figure 2c), a conﬁned ice shelf (i.e., with
side drag) has a smaller slope near the grounding zone but
has a steeper base throughout its length than an unconﬁned
ice shelf. Melt rates at the base of the conﬁned ice shelf
are twice as large as those of the unconﬁned ice shelf. In
the CDW case (Figure 3c), the difference between conﬁned
and unconﬁned ice shelves progressively reduces with the
distance from the grounding line. The two ice shelf conﬁgu-
rations and melt rates become very similar, with melt rates of
the conﬁned ice shelf being on average only 10% higher
than those of the unconﬁned ice shelf. This difference
between conﬁned and unconﬁned shelves in the HSSW
and CDW raises the question of what the effect of melting
might be on buttressing. To evaluate this effect, we analyze
the back pressure using the parameter θb which is the
ratio between the vertically integrated longitudinal and
driving stresses.
θb ¼ 1 4nHux
1
2 rgH
2 1 rrw
  (20)
[30] Figure 6 shows the distribution of θb for the two ice
shelves. In the CDW case, the ﬁrst half of the ice shelf,
within ~100 km downstream of the grounding line, has a
smaller θb than does the HSSW case. In the second half of
the ice shelf, θb is larger in the CDW case than in the HSSW
case, but the difference is substantially smaller than in the
part of the ice shelf that is close to the grounding line. These
results indicate that stronger melting does lead to a reduction
in the buttressing effect of the ice shelf within the ﬁrst
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100 km from the grounding line, as was proposed earlier [cf.
Schoof, 2007, for discussion], though, farther from the
grounding line, an increase in buttressing is observed,
suggesting more complicated response. It should be pointed
out that at the grounding line, the difference in θb is only 6%
larger in the cold, HSSW ocean than in the warm, CDW
ocean. In simulations with doubled ice ﬂux at the grounding
line (described below), this difference is larger, reaching
23%. Similarities in the back pressure at the grounding line
for ice shelves encountering CDW and HSSW indicate that
basal melting has less inﬂuence on the reduction of
buttressing at the grounding line than farther along the ice
shelf, provided that the ice ﬂux is constant. We point out,
however, that these results are subject to the ﬁxed boundaries
and require further investigation with ice ﬂow and ocean
circulation models that better represent ﬂows in the vicinity
of the grounding lines [e.g.,Gagliardini et al., 2010;Goldberg
et al., 2012a].
4.4. Coupling Feedbacks
[31] The mutual effects of ice shelf ﬂow and sub–ice shelf
circulations neither are a priori known nor can be easily
inferred from observations. We assess the strength of these
effects by comparing results of the coupled simulations
described above to the results of simulations in which ice
ﬂow and plume models were uncoupled from each other.
In addition, we assess the validity of the two following
approaches for computing melt rates that are widely used in
ice shelf studies. The ﬁrst approach involves estimates of
melt rates from oceanographic observations of water-mass
properties that are indirect indicators of bulk (ice shelf area-
averaged) values. They are traditionally used in glaciological
studies as representative values of melt rates. However, it is
unclear how area-averaged melt rates determined by this
approach are informative about states of the ice shelf/sub–ice
shelf cavity system. The second approach involves use of
sub–ice shelf cavity circulation models that are not coupled
to ice shelf ﬂows. The main underlying assumption of this
approach is that the ice shelf is static. Our experiments aim
to establish the limits of applicability of this assumption.
We consider only the conﬁned shelf in the HSSW and
CDW cases.
[32] In the ﬁrst experiment, we compute ice shelf conﬁgu-
rations with the uncoupled ice ﬂow model using average
melt rates computed in the coupled simulations. In the
CDW case, the difference between coupled and uncoupled
simulations with the prescribed uniform melt rates is an
order of magnitude larger than in the HSSW case (green solid
lines in Figures 7a and 7b). This large difference can be under-
stood by analyzing the dominant balance of the ice shelves in
the two different environments (equations (18) and (19)). In
the CDW case, to the leading order, the ice shelf thickness
gradient (hence, its basal slope) is proportional to melt rate
(expression (18)); thus, the spatial distribution of the melt rate
plays a dominant role in shaping the ice shelf. Hence,
information about spatial variations in melt rates is crucial in
Figure 6. Buttressing factor θb deﬁned by equation (20).
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determining the ice shelf conﬁguration. In contrast to the
CDW case, the HSSW case features a leading order mass
balance that is between ice shelf deformation and advection
(expression (19)), and the spatial distribution of melt rate
affects this balance to a lesser degree. These results suggest
that the coupling feedbacks are signiﬁcantly stronger in the
warm, CDW oceanic environment.
[33] In the second experiment, we compute melt rates with
the uncoupled plume model using the ice shelf conﬁgurations
from the coupled simulations, but swap the oceanic forcing,
i.e., we attempt to simulate what the sub–ice shelf cavity
circulation and melt rates would be for an ice shelf from
the cold, HSSW ocean environment were it instantaneously
subjected to the warm, CDW ocean conditions. Conversely,
we simulate what circulation and melt rates would be for an
ice shelf ﬂowing in the warm, CDW ocean if suddenly the
ocean circulation would bring HSSW into the cavity. In
the next step, we use the uncoupled ice ﬂow model and
uncoupled melt rates from the previous simulations to
compute ice shelf conﬁgurations. The melt rates obtained
with the plume-only model (red dashed lines in Figure 7)
are signiﬁcantly different from those computed in the
coupled simulations. In the HSSW case, the coupled melt
rates are signiﬁcantly higher than the uncoupled ones (about
two to three times the length-averaged values), apart from
the 2 km area near the grounding line, and near the ice front.
Uncoupled simulations of the ice shelf model using the melt
rates computed with the uncoupled plume model produce a
much thicker ice shelf conﬁguration compared to coupled
simulations (red solid line in Figure 7a). In the CDW case,
the result is the opposite: the uncoupled melt rates are
overall larger by a factor of 3, and near the grounding line
are an order of magnitude larger than the coupled ones.
Further application of these melt rates in the uncoupled ice
shelf model leads to a much shorter and thinner ice shelf
(red solid line in Figure 7b).
[34] Such large differences between coupled and uncoupled
results, in both HSSW and CDW cases, are due to the strong
dependence of the melt rates on the shape of the ice shelf. In
the plume ﬂow, the buoyancy force that controls its speed is
determined by the shelf slope, the ﬁrst term on the right-
hand side of expression (16b). Thus, there is a strong positive
feedback in the ice shelf/sub–ice shelf cavity system: the larger
the melt rates, the larger the slope (expression (18)); therefore,
the faster the plume ﬂows (expression (16b)), the larger the
melt rates become due to their dependence on the plume ﬂow
(expression (17a)). In addition, as was mentioned above, all
steady states obtained with the coupled model are unique
and insensitive to initial conditions. This suggests that, most
likely, there is a unique correspondence between a steady
state ice shelf conﬁguration, its melt rates, and the ambient
oceanic conditions.
[35] These results suggest the following possible limits to
the traditional approaches. The use of area-averaged melt rates
as representative values for the whole ice shelf is justiﬁable in
circumstances where the dominant mass balance of the ice
shelf is between its advection and deformation. Applicability
of stand-alone ocean models should be limited to ice shelves
that are in dynamic equilibrium with their oceanic environ-
ment (i.e., have an approximate zero net mass balance).
However, exploration of possible behaviors of such ice shelves
in different oceanic environments has to be reserved to coupled
investigations.
4.5. Sensitivities to Changes in the Ocean and
Grounded Ice Conditions
[36] In this section, we investigate the effects of increasing
the ocean heat content (experiments A and B) and ice ﬂux at
the grounding line (experiment C) on the ice shelf/sub–ice
shelf cavity system. We consider two possibilities for how
heat content can increase. The ﬁrst is the warming of the
bottom ocean temperature by 0.5C (experiment A). The sec-
ond is the shallowing of the thermocline depthDtc (Figures 2a
and 3a) by 100m, from 800 to 700m (experiment B).
Experiment A mimics the scenario where the source of sub–
ice shelf deep water warms. Experiment Bmimics the scenario
where transport of deep water underneath the ice shelf is
increased. Simulations with increased seawater temperature
(experiment A) and the thermocline depth (experiment B)
show that, in the HSSW case, ice shelf conﬁgurations andmelt
rates are more sensitive to seawater bottom temperature than
to the thermocline depth (Figure 8a). Further warming of the
already warm bottom water in the CDW case does not affect
the shelf conﬁguration and melt rates signiﬁcantly (Figure 9a,
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blue lines). However, the shallower thermocline depth leads to
very different conﬁguration of both conﬁned and unconﬁned
shelves, which are steeper and shorter than those in the
original simulations (Figure 9a, red lines). With the shallower
thermocline, the greater part of the ice shelf is exposed to the
warm bottom water, and increased melting forces the ice shelf
toward a new state where the ice shelf is thinner and steeper.
[37] The high sensitivity to thermocline depth can be
understood from examining a leading order mass balance of
ice shelves ﬂoating in warm waters (expression (18)). In these
ice shelves, the basal slope is determined bymelt rate; therefore,
ice thickness at a location x is H xð Þ 	 H0 
R x
0dx
0 _b x0ð Þ
u x0ð Þ. Since
ux decreases rapidly with the distance from the grounding line
(Figure 5b), ice thickness at location x primarily depends on
melt rates and their distribution upstream of this location,
starting from the grounding line. The ice shelf thins rapidly,
and despite the fact that melt rates reduce at shallow depths,
the ice shelf gets shorter than in experiment A due to the fact
that ice thickness should always be larger than zero or, as in
our model setup, larger than 50m. These results show that
ice shelves in cold, HSSW and warm, CDW ocean environ-
ments respond differently to an increase ocean heat content,
as their individual response depends on the way it is increased.
This ﬁnding reinforces the evidence that dynamic and thermo-
dynamic feedbacks in ice shelves may alter the relationship
between warming of ocean waters and rate of increased
melting [e.g.,MacAyeal, 1984;Holland et al., 2008;Goldberg
et al., 2012b].
[38] Results from the simulations with increased ice ﬂux at
the grounding line (experiment C; Figures 8b and 9b) show
that, in both environments, melt rates of unconﬁned ice
shelves are greater (dashed red lines). This is also the case
for a conﬁned ice shelf in the cold ocean environment
(Figure 8b). In the warm, CDW ocean environment for the
conﬁned ice shelf, doubling ice ﬂux produces a conﬁguration
that is much steeper, thinner, and shorter, and has lower melt
rates compared to those obtained with the original ice ﬂux. It
appears that for ice ﬂuxes ~150% and greater than the original
ﬂux, the steady state conﬁgurations are very different from
those with smaller ﬂuxes. The results of increasing ice ﬂux
by 40% for the conﬁned ice shelf (green curves in Figure 9b)
are similar to those of the unconﬁned computations: the
ice shelf is thicker and melt rates are larger. The reason
for signiﬁcantly different conﬁgurations in circumstances
of large ice ﬂuxes at the grounding line seems to be that
conﬁned ice shelves cannot transport the increased ice
ﬂux as effectively as the unconﬁned ones, and this results
in greater ice thickness and a deeper shelf base. The
consequence means that interaction of the ice shelf with
warmer ambient waters eroding the ice shelf leads to
ice thickness that reduces rapidly along ﬂow to a level
where ambient waters are cooler, in situ freezing point
is higher, and melt rates are lower.
[39] The response of the conﬁned ice shelves in warm,
CDW seawaters to the doubled ice ﬂux is qualitatively
similar to the response to increased seawater heat content
through change of the thermocline depth (Figures 9a and
9b). Effectively, these experiments are equivalent in the
sense of how large a part of the ice shelf is in contact with
the warmest water. In experiment B, the shallow thermocline
depth brings warmer water into contact with the larger part
of the ice shelf. In experiment C, doubled ice ﬂux that
caused initial thickening of the ice draft resulted in a larger
portion of the ice shelf sitting deeper and interacting with
warm waters. However, in contrast to the HSSW case, this
conﬁguration is unsustainable in the CDW case, where the
ice shelf gets eroded and retreats to shallower, colder waters.
We emphasize again that the presented results are steady
state conﬁgurations and are not informative about possible
transient responses.
[40] The results of experiment C are consistent with obser-
vations of thinning [Shepherd et al., 2004] and increased
melt rates [Jacobs et al., 2011] of the PIG ﬂoating tongue.
We thus speculate that changes of the PIG melt rates
commonly attributed to changes in the shelf circulation
[Jacobs et al., 2011] may also be potentially triggered by
changes in the PIG ﬂow at the grounding line [Joughin
et al., 2003] or by changes in the thermocline [Jacobs
et al., 2011]. We point out, however, that since PIG and its
ﬂoating tongue are not in steady state as considered here,
its transient states triggered by the different mechanisms
may have different conﬁgurations. It also remains to be seen
whether the similarity of steady states caused by increased
ice ﬂux and shallowed thermocline depth holds in circum-
stances where the grounding line is dynamic.
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5. Conclusions
[41] Using a coupled 1-D ice/ocean model and an analytic
expression for ice shelf temperature, we have found that the
oceanic environment in which ice shelves ﬂow determines
their states. Ice shelves ﬂowing in cold, HSSW oceans differ
from those in warm, CDW oceans in fundamental ways:
their mass balance is controlled by different processes
(ice advection and deformation in HSSW versus ice advection
and melting in warm oceans), their thermal structure is differ-
ent (warmer interior in cold oceans versus colder interior in
the warm oceans), and they respond differently to different
mechanisms that lead to the increase of the ocean heat content
(higher sensitivity to warming of the cold bottom water versus
higher sensitivity to shallowing the depth of the thermocline in
the warm ocean). These ﬁndings suggest that ice shelves in dif-
ferent oceanic environments require treatments (e.g., modeling
and observations) speciﬁc to each environment.
[42] In addition, we have established that the ice shelf/
sub–ice shelf cavity systems are inherently coupled with
strong feedbacks in geometry, melt rates, ice ﬂow, and
temperature. This fact has an important implication on the
modeling treatments of these systems. Despite very large
melt rates achieved near the grounding line in the warm,
CDW ocean environment, simulations with the coupled
model produce steady state conﬁgurations in which the
effects of strong melting are compensated for by ice inﬂux
from the grounding line. However, such conﬁgurations
cannot be simulated with uncoupled models where the ice
shelf and cavity circulation components are treated separately.
Assumptions of a static ice shelf in ocean-only simulations are
justiﬁable only in circumstances where the ice shelf is close to
steady state. A possible rule of thumb that determines whether
an ice shelf/sub–ice shelf cavity system requires coupled
treatment can be based on the leading order mass balance of
an ice shelf: if it is between ice advection and deformation,
then it is reasonable to apply ocean-only models; otherwise,
a coupled ice/ocean model is required.
Appendix A: Analytic Treatment of Temperature
in 2-D Ice Shelves
[43] In ice shelves with 2-D vertical cross section experienc-
ing basal melting and zero net surface accumulation, the heat
advection-diffusion equation written in terms of a stretched
vertical coordinate z ¼ zbH (i.e., equal to 0 at the ice shelf base
and 1 at its surface) is as follows:
uTx  Tz
H
1 zð Þ _b ¼ ki
H2
Tzz (A1)
where x is the horizontal coordinate, T(x, z) is ice tempera-
ture, H is ice thickness, u is ice velocity, _b is basal melt rate
(positive for melting), and ki is the thermal diffusivity of ice
[e.g., MacAyeal and Thomas, 1986; MacAyeal, 1997].
[44] Equation (A1) can be written in the following way:
qTx þ qx 1 zð ÞTz ¼ kiH Tzz (A2)
where q is ice shelf mass ﬂux, q= uH. In steady state with zero
net surface accumulation, the continuity equation simpliﬁes to
the following:
qx ¼  _b: (A3)
[45] Hence,
q xð Þ ¼ qg 
Z x
0
dx0 _b x0ð Þ; (A4)
where qg is ice ﬂux at the grounding line.
[46] The nondimensional form of (32) is
eqeTex þ eT z 1 zð Þeqex ¼ 1EeH eT zz (A5)
where ~ denotes dimensionless variables that are chosen as
follows: eT ¼ T
Y½ , ex ¼ xL½ , eq ¼ qQ½ , eH ¼ HH0½  with scales
[Y] = Tg(1), [Q] = qg, H0 =Hg, E =Pe, and Pe ¼ H2uLki is the
Peclet number. A solution of this equation can be written
in a form
eT ex; zð Þ 	 eT 0½  ex; zð Þ þ θ ex; ð Þ (A6)
where eT 0½  ex; zð Þ satisﬁes (A2) to the zeroth order in a small
parameter E 1 in the ice shelf interior (E =Pe≫ 1 in ice
shelves), θ (x,) is the temperature in a basal boundary layer,
and  is the boundary layer coordinate  = Eaz. The equation
for eT 0½  is
eqeT 0½ ex þ eT 0½ z 1 zð Þeqex ﬃ 0: (A7)
[47] Its solution can be found by methods of characteristics:
eT 0½  ex; zð Þ ¼ eTg x ex; zð Þ½ ; (A8)
where x ex; zð Þ ¼ 1 1zeqg eq exð Þ. Note that this solution satisﬁes
the top surface boundary condition (under our assumptions,
the top surface temperature is spatially uniform and is the
same as at the grounding line); however, it does not satisfy
the bottom surface boundary condition
eT jz¼0 exð Þ ¼ eT exð Þ (A9)
where T* is the seawater freezing point, deﬁned by equation (3).
Ice temperature eT is adjusted in the thermal boundary layer to
satisfy this condition. Substitution of (A6) in (A5) yields
the following equation for the boundary layer temperature
θ ex; ð Þ:
eqθex þ θEa 1 Eað Þeqex ¼ E2a1eH θ þ E1eH eqeqg
 !2eT 00g xð Þ
(A10)
and boundary conditions
θ ex; ð Þ ¼ eT exð Þ  eTg x ex; 0ð Þ½  (A11)
θ ex;  !1ð Þ ¼ 0 (A12)
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[48] By choosing a = 1 in (A10) and retaining only the
highest-order terms, the above equation simpliﬁes to
θeqex eH ¼ θ: (A13)
[49] A solution of (A13)–(A10) is
Tbl x; zð Þ ¼ T  xð Þ  Tg x x; 0ð Þ½ 
 
e
 _bHki z (A14)
where we took into account the ice shelf mass balance (A3)
and returned to dimensional parameters. We point out that this
solution is invalid for _b ≤ 0. Temperature in the ice shelf is
T x; zð Þ ¼ Tg x x; zð Þ½  þ Tbl x; zð Þ: (A15)
Appendix B: Coupled Model Parameters
[50] We use the following parameters in the coupled model
simulations. The temperature proﬁle of ice ﬂowing into the ice
shelf (at the grounding line), Tg(z), is the Robin solution
[Robin, 1955] with 0.1myear1 surface accumulation and
48 W m2 geothermal heat ﬂux.
[51] We consider two oceanographic environments that
have the same stratiﬁcation
Ψ zð Þ ¼
Ψsw z ≥ 300 m
Ψbw þ Ψsw  Ψbw300 Dtc zþ 300ð Þ Dtc ≤ z < 300 m
Ψbw z < Dtc
8>>><>>:
(B1)
where Ψ stands for T or S, the subscript sw refers to the
surface water properties, Tsw =1.9C, Ssw = 33.5%, Dtc=
800m is the thermocline depth, the subscript bw refers
to the bottom water properties, where salinity Ssw = 34.69%,
temperature Tbw =1.8C for the HSSW case and 1.2C for
the CDW case.
[52] For the plume model, the boundary conditions are
such that the ﬂux of the fresh water at the grounding line
is 5 105m2 s1, the momentum ﬂux is 5 107m3 s2,
temperature is 1.2C (ice pressure melting point for
thickness at the grounding line), and the salinity is 15%.
All other parameters of the plume model are the same as in
Jenkins [1991].
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